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The Jones polynomial is an invariant of oriented links with n > 1 components.
When n = 1, the choice of orientation does not affect the polynomial, but for
n > 1, changing orientations of some (but not all) components can change the
polynomial. Here we define a version of the Jones polynomial that is an invariant
of unoriented links; i.e., changing orientation of any sublink does not affect the
polynomial. This invariant shares some, but not all, of the properties of the Jones
polynomial.

The construction of this invariant also reveals new information about the
original Jones polynomial. Specifically, we show that the Jones polynomial of a
knot is never the product of a nontrivial monomial with another Jones polynomial.

1. Introduction

Jones’ original construction [1985] of the polynomial V; =V (¢) € Z[t'/?, 1712
was through the skein relation

t_IVL7 - t‘/LJr - (tl/z - t_l/Z)VLov

where L, L_ and Ly are three oriented links that are identical except inside a ball
that contains respectively, a positive crossing, a negative crossing, and two uncrossed
strands. It is easy to see that when L is a knot (i.e., a link of one component), the
polynomial Vi (¢) is unchanged by reversing the orientation on L, since crossing
signs are preserved by such a change in orientation.

For links of more than one component, however, the Jones polynomial may
change depending on the choice of orientation for each component. The Hopf link
is the simplest example. The oriented Hopf link with linking number +1 has Jones
polynomial —¢!/?2 — #3/2 but reversing the orientation of one component gives us
—t73/2— =172 A complete list of oriented links up to nine crossings, together with
their polynomials can be found in [Doll and Hoste 1991].

MSC2010: 57TM25, 57TM27.
Keywords: Jones polynomial, unoriented link.
Supported by NSF grant DMS-1560301.

1357


http://msp.org
http://msp.org/involve/
http://dx.doi.org/10.2140/involve.2019.12-8
http://dx.doi.org/10.2140/involve.2019.12.1357

1358 S. GANZELL, J. HUFFMAN, L. MAVRAKIS, K.TADEMY AND G. WALKER

Based on the skein-relation definition, it is a surprising result that a change in
orientation of some components of L simply multiplies V; by a power of 7. Let
L = M U N be an oriented link with components My, ..., M,, Ny, ..., Ns, and
write Ly = M U—N for the link formed by reversing the orientations on Ny, ..., N;.
Morton [1986] proved that

VL) =V, (),
where A is the linking number of M with N, defined as

r=1k(M, N) = 1k(M;, N)).
irj
A much simpler proof using Kauffman’s bracket polynomial construction of the
Jones polynomial appears below.

Recall [Kauffman 1988] the bracket polynomial (L) € Z[A, A~ is defined

recursively:

(X)=a(X)+470d),

(OL) = (A= A7)(L),

(O)=1.
The bracket polynomial is invariant under Reidemeister moves R2 and R3, but not
under move R1. Define X (A) = (—A%)™" (L), where w = w(L) is the writhe
(sum of all crossing signs) of L, to obtain a link invariant. Under the change of
variables A =1~1/4, we have X1 (A) = Vi (¢). We will often write d = —A% — A~2;
thus (OL) =d(L).

Now it is clear that changing the orientations of some components of L multiplies
the Jones polynomial by a power of ¢, since only the writhe (but not the bracket
polynomial) is affected by such a change. Using the notation above, if L = M U N,
then the crossing signs that change to produce Ly are the ones that involve some
crossing of component M; with component N;. Since the linking number of M
with N involves precisely the same crossings, we have

w(Ly)=w(L)— ZZ(crossing signs of M; with N;)
=w(L)—4-1k(M, N).

Thus
Vi) = X(A) = (=A%)

— (_A3)—4-lk(M,N)—w(LN)<L>
— (_A)—lz-lk(M,N)(_A3)_w(LN) (L)
=AY X1, (A) =22V, (1),

confirming Morton’s result.
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Given an unoriented link of n components, there may be up to 2"~ ! associated
Jones polynomials for the links obtained by choosing an orientation for each
component. (Note: it is not up to 2", since changing all orientations does not affect
the Jones polynomial.) None of these is a natural choice to be the Jones polynomial
of the unoriented link since there is no preferred orientation. In the next section we
define a version of the Jones polynomial that is an invariant of unoriented links.

2. The Jones polynomial for unoriented links

We begin by defining the self-writhe of a link diagram.

Definition 1. For a link diagram L with components Ky, ..., K,, we define the
self-writhe of L, denoted by ¥ (L), to be the sum of the writhes of each component
of L, ignoring the other components when computing each writhe. That is,

n
Y(L) =Y w(kK)).
j=1
Equivalently, the self-writhe can be defined as the sum of the signs of those crossings
of L for which both the under and over strands are from the same component.

Reidemeister moves affect the self-writhe exactly as they do the writhe. Both are
invariant under moves R2 and R3. This is because the two crossings involved in
move R2 are of opposite sign regardless of orientation, and the crossing signs ¢; are
unchanged by R3 moves regardless of orientations and components. See Figure 1.
Under move R1, both the writhe and self-writhe change by +1, since move R1
always involves a single component of the link. See Figure 2.

Unlike the writhe, however, the self-writhe of a link L is independent of the
choice of orientations of the components of L. This is because changing the
orientation of a component K of L does not affect the writhe of K, and hence does
not affect ¥ (L).

s</ R2 i//% R3 52\/\{;
N\ /R ]\

Figure 1. Crossing signs and Reidemeister moves.

R1 R1 y
) 2N

Figure 2. Crossing signs and move R1.
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Thus we can define Uy (A) = (—A%)~¥(L). This modified Jones polynomial is an
invariant for the same reason that X; (A) is: both (L) and v (L) are invariant under
moves R2 and R3, and (L) changes by a factor of (—A3)*! with each R1 move.

But since ¥ (L) is unaffected by changing orientations of any components of L,

the polynomial Uy (A) is also unaffected by such changes. We can thus make the
same change of variables A = t~1/% to obtain W (¢) € Z[t'/?, 71/, noting that
Wi(t) =UL(A).
Definition 2. Let L be an unoriented link with self-writhe . The Laurent polyno-
mial Uy (A) = (—A3) V(L) (or equivalently W, (¢)) for any choice of orientation
of components of L is the unoriented Jones polynomial of L. We will refer to
U (A) as the U-polynomial of L.

3. Properties of the unoriented Jones polynomial

For knots we have Wg () = Vg (¢) since w(K) = ¥ (K). Thus we will examine the
properties of the unoriented Jones polynomial for links of at least two components.
Jones [1985] established that if the link L has an odd number of components, then
Vi (¢) is a Laurent polynomial over the integers; if the number of components of
L is even then V(t) is /¢ times a Laurent polynomial. Wy (¢) does not share
these properties. For example, if L is the Hopf link, then Wy (t) = —t ! —1t, since

(D) =—4*— A% and y (D) =0.

On the other hand, if L is link 5% (Figure 3), then ¢ (L) = w(L) = —1, regardless
of orientation. Therefore,

Wi(t) = Vi) =12 =272 417312 04712 4 412 _ 32,

There are two different oriented links corresponding to 7? (Figure 3), both of which
have integral exponents for the original Jones polynomials, but the unoriented Jones
polynomial is

17512 =32 g2 312 4 g302 _3y5/2 4 347/2 92

For the remainder of this paper we use A as the indeterminate. This is simply to
avoid fractional exponents.

S R

Figure 3. Links 57 and 77.
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L v=(Ls)) - (L) (s))

Figure 4. L#M.

Some properties of the Jones polynomial do carry over to Uz (A). Let L* denote
the mirror image of L.

Proposition 3. Up«(A)=Ur(A™).
Proof. This follows immediately from Definition 2, since ¥ (L) = —(L*). ([l
Theorem 4. If L and M are links, then Upgpyr = UpUyy.

Proof. Observe that for diagrams L and M, the self-writhe of L#M is just Y (L) +
Y (M). Now take diagrams for L, M and L#M as in Figure 4. Let

(320) = {X)+rd() ana (BT =a{X)+e0)

where pi, p2, g1 and g; are polynomials in A. Then we have (L) = p; + p»d, and
(M) = g1 + g2d. Moreover,

CIEOI0))
=p1<>+P2<O >
=p1q1<O>+p1q2<OO)+P2‘11(OO>+P2‘IZ<OOO>

= p1q1 + p1gad + p2qid + pagad?.
Thus,
Ursn(A) = (=AH VY (p1g1 + prgad + prgid + pagad®)
= (AN VD AT (py + pad) (g1 + g2d)
=UL(A)Upu(A). U
When two links have the same number of components, their U-polynomials are
related algebraically. Specifically, if L and L’ are both n-component links, then
U(L) — U (L) is divisible by a certain fixed polynomial C(A), independent of L,

L’ and n. Equivalently, we may say U (L) and U(L') are equal in the quotient ring
Z[A, A~'1/(C(A)). For convenience, we will write U (L) = U(L’) (mod C(A)).

Theorem 5. Let L and L' be two links with the same number of components. Then
UL(A) =Up(A) (mod A® —1).

Proof. Suppose L and L’ are two links that differ by a crossing change. We will
show that U (A) — U}/ (A) is divisible by A% — 1. Since any link can be transformed
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L: -~ /J :Ll

Figure 5. Two links that differ by a crossing change.

by crossing changes to any other link with the same number of components, the
theorem follows.

Draw L and L’ as the numerator closures of tangles that differ by a crossing as in
Figure 5. Take the self-writhes of L and L’ to be ¥ and v/ respectively. Therefore
Y’ will equal ¥, ¥+2, or ¥ —2, depending on the orientation of the strands in the
crossing change, and whether they are from the same component. We compute
Urp(A)— U/ (A). Write

(320) =X )+ D)

where p; and p; are polynomials in A. Then

(30K =A{x2D ()+ (321
- Ap1<)(>+Ap2d<)(>+A—1p1<x>+A—1pz<)(>,
(Ly=Ap1+Aprd + A" ' prd + A7 py
=pi(A+ A7 \d) + pr(Ad + A7)
= p1(—A7) + pa(—A?),
UL(A) = (—=A) "V [p1(=A7) + pa(—AD)].
Similarly,
(L") = p1(=A%) + pa(—A7),

U (A) = (=AY "V [p1(—=AY) + pa(~A7H)].

Since V' € {, ¥ + 2, ¥ — 2}, either

UL(A) = Up(A) = (=A)V[pi(=A7 + A%) — py(A’ — A7H)]

= (=) (p1 - p(A° - 1),
or
UL(A) —Up(A) = (=A) "V pr(—A* + A79)

= (=A%) V(A + 1)(A° - 1),
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or
UL(A) —Up/(A) = (=AY 7V pi(=A7 + A?)

= (=AY A+ 1)(A° - ). O
Corollary 6. Let L be a link with n components. Then Up (1) = (—2)" ..

Proof. Let ()" be the unlink of n components. Then
Uon(A) =d" ' = (A — A=),

Therefore by Theorem 5, we can write U (A) = (A®—1)g(A)+ (=A% — A2,
where g is some polynomial in A. Thus Uy (1) = (=2)" 1. [l

Theorem 5 establishes that A°—1 divides the difference of any two U-polynomials
of links with the same number of components. However, A® — 1 does not appear to
be the highest-degree such polynomial. In all examples known to the authors, the
difference is a multiple of A% — A% — A% 4+ 1, which equals (A —1)(AZ—1). We
conjecture this is always the case.

Conjecture 7. Let L and L’ be two links with the same number of components.
Then U (A) = Ur/(A) (mod A3 — A® — A2 4+ 1).

We prove Conjecture 7 for links of three or fewer components.

Theorem 8. Let L and L' be two n-component links, where n < 3. Then Uy (A) =
Ur(A) (mod A% — A® — A2+ 1).

Proof. Tt is shown in [Ganzell 2014] that when L is a knot (i.e., n = 1), then
X1 (A) — X1/ (A) (and hence U (A) — U/ (A)) is always divisible by A6 — A2 —
A%+ 1, which equals (A® — A% — A2 4 1)(A3 + A®+ A% +1).

For n = 2, we proceed as follows. It is proved in [Murakami and Nakanishi
1989] that the link L can be transformed into the link L’ by A-moves (Figure 6) if
and only if L and L’ have the same number of components and the pairwise linking
numbers of the components of L equal those of L. Thatis,if L=K;U---UK,
and L'=K{U---UK/,, then L can be transformed into L’ by A-moves if and only
if n =n" and Ik(K;, K;) =1k(K/, Kj’.) for 1 <i < j <n. In this case we say L and
L' are A-move equivalent. Thus every 2-component link is A-move equivalent to a
link of the form in Figure 7, where k € Z is the linking number.

S _a >K
>/\ PN

/

Figure 6. A-move.



1364 S. GANZELL, J. HUFFMAN, L. MAVRAKIS, K.TADEMY AND G. WALKER

( )

2k

( )

Figure 7. Lj;, a 2-component link with linking number k.

It is shown in [Ganzell 2014] that two links that differ by a sequence of A-moves
have bracket polynomials that are congruent mod A% — A® — A% 41 (in fact mod
A6 —A12_ A%11). Since A-moves do not affect the self-writhe, the U-polynomials
are also congruent mod A8 — A% — AZ4+ 1. Now, let Ly be the link in Figure 7. We
will show that (Lax) — (OQ) is also a multiple of A® — A® — A%+ 1. Thus every 2-
component link has bracket polynomial congruent to (O(Q)) (mod A% —A®—A24+1).
Since Ly has self-writhe equal to 0, this will complete the proof.

We first compute (Lox). We have

E=)-rle=re =)

where p; = A% and pr = Yo, () A%=2mgm=1. Now observe that

m=1

2k 2k

Z(%:)Azk—mdm _ Z(%C)Azk—zm(_Az — ATy

_ Z(m )AZk—m(_A CATY = [(—A— AT+ AP
m=0

by the binomial theorem. The last expression simplifies to A=, Therefore p, =
(A% — A%%)/d, and

A—6k _ AZk
(L) = A%d + —
A(AY 2+ A+ A — A%
= —A2_ A2
_A2k+6 _ A2k+2 _ A2k72 _ A76k+2
- A+ 1
Thus,
_A2k+6 _ A2k+2 _ A2k—2 _ A—6k+2 5 5
(Lok) —(OO) = +A +A”

A +1
A8k+4+A8k +A8k74 _A6k+4_2A6k _A6k74+1
B —ASk=2(A% +1) '

ey
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C o
-———

Figure 8. A 3-component link with linking numbers ki, k2, k3.

Let N(A) be the numerator of (1). Since
A A AP 1 =(A+D2A-D*A*+ A+ DA —A+1),

we must show that N (A) has these factors. (Actually, we only need to prove that 1
and —1 are double roots, since we have already established Theorem 5. But it is
not hard to show directly.) Rewrite N(A) in the form

N(A) = (ABH 4 4B 4By (A8 4 A0k 1 4564 (A% 1),
Observe that

ABKH | A8k | p8k—4 _ A8k74(A4 — ATy 1)(A2 + A+ 1)(A2 —A+4+1),

AOkH4 L AOk o AGk—4 _ A6k A4 A2 L 1) AZ L A1) (AZ— A1),

and
6k—6
A% 1= (AT+ A+ 1)(A2—A+1) Z(Am+2 —A™).

m=0

It remains to show that (A 4 1)? and (A — 1)? are factors of N (A). It is straight-
forward to verify that 1 and —1 are both roots of N(A) and of the derivative N'(A),
completing the proof for 2-component links.'

The proof for n = 3 is similar. Observe that every 3-component link is A-move
equivalent to a link of the form in Figure 8. Define

£k
at)="(,, A,

m=1

(SE) =X ) raw(> )

INote that N (A) must also be divisible by A% + 1, since bracket polynomials are Laurent
polynomials. We can see this directly by writing N(A) = (Agk + A8k—4) — (Af’k‘*‘4 + A6k) —
(A6k + A6k—4) + (Agk+4 + 1). The first three binomials are multiples of A%+ 1, and A+ 11 =
(A% 4 1)(ABk — ABk—4 | A8K=8 _ . 4

so that
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Then if L is the link in Figure 8, we have

(L) — A2k1+2k2+2k3d2

+ A2k1+2k2q(2k3)d + A2k|+2k3q(2k2)d + A2k2+2k3q(2k1)d
+ A%1q(2k2)q (2k3) + A% q (2k1)q (2k3) + AP q(2k1)q (2k2)
+q(2k1)q(2k2)q (2k3)d,
and we must verify that (L) — (OQQ) is divisible by A — A® — AZ + 1. The

proof is tedious but elementary, and follows the same outline as for 2-component
links. -

Corollary 9. For n-component links L, L' with n < 3, the U-polynomial of L
can never be a nontrivial monomial times the U-polynomial of L. That is, if
U (A) =rA*UL(A), thenr =1 and k = 0.

Proof. Let p(A) = A3 — A® — A% 41, so that Uz (A) — U (A) = p(A)g(A) for
some Laurent polynomial g. Now suppose U;/(A) = rA*U; (A). Then

UL(A) —rA*UL(A) = p(A)g(A). ()
Setting A = 1, we obtain
(_2)}171 _ r(_z)nfl =0

from Corollary 6. Thus r = 1.
Differentiating (2) with respect to A and setting » = 1, we obtain

(1—AHUL(A) —kA*TUL(A) = p'(A)g(A) + p(A)g (A).
Again, setting A = 1 produces

kUL (A) =0.
Thus k =0. O

Corollary 9 does not hold for the original Jones polynomial. Example 10 below,
shows a pair of 2-component links whose Jones polynomials do not satisfy the
conclusion of the corollary. However, since the U-polynomial for a knot is iden-
tical to the original Jones polynomial, Corollary 9 does apply. Hence, the Jones
polynomial of a knot cannot be the product of a nontrivial monomial with another
Jones polynomial.

Example 10. In [Eliahou et al. 2003], examples are given of n-component links
(for n > 2) that have the same Jones polynomial as (O". The link in Figure 9 (left)
is the first of an infinite family of such links. Those examples all have w = =0,
and therefore satisfy U;, = Uqn. Other examples are given in that paper of links
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N\ \> AN \>
é}\/) N
Figure 9. Links with U, = Ucy.

whose Jones polynomial has the form t*d"~!, as in Figure 9 (right). These links
have ¥ = 0, and as a result, U(A) = 4"
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